Introduction.
Let 4 be a (complex) commutative P*-algebra and let A be the set of all nonzero multiplicative linear functionals in 4*, the conjugate space of 4. Let 4' be the closed span of A in 4* and let 4" = 4'*. Let it' be the embedding of 4 into A" given by 7r'(x) =7t(x)| A', the restriction of 7r(x) to A'. Birtel [2] has introduced a product in A" under which A" is a commutative Banach algebra. It follows that the multiplier algebra M(A) can be isometrically embedded in A". We make use of A", A** and M(A) to obtain several characterizations of duality for 4 which we gather together in Theorem 4.2.
2. The multiplier algebra. Let 4 be a semisimple Banach algebra. 4 mapping T on A into itself is called a multiplier if (Tx)y=x(Ty) for all x, yEA. It is easy to see that T is a bounded linear operator on 4 and that M(A), the set of all multipliers on 4, is a closed commutative subalgebra of the Banach algebra B(A) of all bounded linear operators on 4 into itself under the usual operator bound norm. M(A) is called the multiplier algebra of 4. It is easily shown that M(A) is complete under its strong operator topology (i.e., the topology on M(A) generated by the seminorms T->||Px||, x£4).
From now on we shall call the strong operator topology on M(A) the strict topology on M(A) [12] . All algebras and vector spaces under consideration are over the complex field C.
Let 4 be a semisimple commutative Banach algebra. Then 4 can be identified as an ideal of M(A). In what follows we shall always consider 4 as a subalgebra of M(A). A is strictly dense in M(A) if and only if 4 has an approximate identity (see [12] Proof. Since A has an approximate identity, A is isometrically isomorphic to a subalgebra of M(A). Let cl(7) and cl"(7) denote the norm closure and strict closure of I in M(A), respectively. Suppose cl(7) =A. Since the norm topology is finer than the strict topology on M(A), we have A = cl(7)Ccl,(7).
Since A has an approximate identity, c\,(A) = M(A). Hence c\,(I)=M(A).
Conversely suppose cl,(7) = M(A). Let xEA and let {x^} be a net in 7 converging to x in the strict topology.
Then lim^||x^ea -xea|| =0, for each ea. Since xpeaEI, we have xe«Gcl(7). Therefore xGcl(7) and so cl(7) =A. F o G is clearly a continuous linear functional on the span of A and therefore can be uniquely extended to a linear functional on all of A'. We denote this extension by the same symbol F o G. The multiplication thus defined on A" is commutative and ||Fo G|| ^||f|| ||g|| and tt' is an isomorphism of A into A", taking the product xy into 7r'(x) OTr'(y). 4 . Duality in a commutative P*-algebra. Let 4 be a commutative S*-algebra with carrier space fi. Since 4 has a bounded approximate identity and is a supremum norm algebra, M(A) can be isometrically embedded in A" [2] , [12] . We shall assume in what follows that M(A)CA". (1) A is a dual algebra.
The algebras
(2) 12 is discrete. Proof.
(1)=>(2). Suppose (1) (2)=>(1). Suppose (2) holds. Let il7be a maximal modular ideal of A and let 0 be the element of 12 corresponding to M. Since 12 is discrete, the characteristic function of the set {0} is continuous and hence is the image of an element eG^4 by the Gelfand mapping. It is straightforward to show that M= {x -ex:xG^4}-As e is an idempotent, we have Af;^(0). But, by [5, Theoreme (2.9.5) (iii)], each closed ideal of A is the intersection of maximal modular ideals containing it. Hence A is an annihilator algebra and therefore dual by [3, Corollary, Theorem 3\.
(1)=> (6) . Suppose A is dual. (In the argument that follows we may take A to be any dual 23*-algebra.) Then, by [7, Lemma 2.3], there exists a family of Hilbert spaces {H\} and A is isometrically *-isomorphic to (YlTC(H\))0, the.B*(°o)-sumof {LC(H\)}. It is easy to verify that A* is isometrically isomorphic to (2Ztc(H\))i, the Fi-direct sum of (tc(77x) }, and that in turn A** is isometrically isomorphic to the normed full direct sum ^ZL(Hx) of (L(77x)}. Clearly 
